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The equilibrium is studied of a pinched linear plasma column of “Extrap” type which is
confined in a purely transverse magnetic field, partly arising from currents in a set of external
conductor rods being introduced for stabilizing purposes. The axial and transverse losses are
separated in a simplified theoretical model for which stability is assumed as a working hypothesis
and anomalous transport as well as impurity radiation are neglected. Then, the reduction of the
axial heat transport by the magnetic field will have a substantial effect on the over-all heat
balance, thus leading to high temperatures at large axial lengths of the plasma column. Con-
ditions near ignition should become possible at technically realistic linear dimensions and pinch

currents.

1. Introduction

In research on controlled fusion, substantial pro-
gress has been made within the field of magnetic
confinement during the last decade. Nevertheless
there remain fundamental plasma physical and
fusion technological problems to be solved before
a technically feasible and economically competitive
fusion reactor can be realized. Further progress
therefore requires considerable effcrts to be made
also on lines being alternative to that of the tokamak
concept, such as on advanced stellarators [1], com-
pact toroids, reversed-field pinches, multipoles, Z-
pinches, and on new trends in open confinement.

Among these alternative lines, a high-beta
scheme, “Extrap’, has recently been investigated
[2, 3] which consists of a toroidal Z-pinch immersed
in the transverse (poloidal) magnetic field being
produced by currents in a set of external ring-
shaped conductors. Research on Extrap is still at
an early stage, as represented by an incomplete
theory and experiments on small scale. This paper
is restricted to part of the equilibrium problems of
a linear Extrap system of finite length, with special
emphasis on the possibility of reaching ignition.
One example of such a system with four external
conductors is outlined in Figure 1.

In an ideal magnetic bottle, the guiding centre
orbits form closed paths both in the directions along
and across the magnetic field. Such conditions can
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be realized by closed toroidal schemes with a main
poloidal field, as well as in advanced stellarators [1].
The complexity of toroidal geometry can in two
ways be diminished at the expense of a reduced
confinement. The first is represented by open bottles,
such as mirror devices, where the transverse guid-
ing-centre motion still forms closed orbits, but part
of the plasma particles are lost along the field lines.
The second way is represented by straight geom-
etries in which the magnetic field lines are closed
within the confinement volume, but where the guid-
ing-centre motions across the field lines lead out to
surrounding vessel walls. This second type of scheme
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Fig. 1. Outline of the cross-section of a linear Extrap con-
figuration with four conductor rods. A purely transverse
confinement field B = By + By is created by the plasma
current density j = curl Bp/uo and the currents Jy in the
rods. The pattern of the field B, generated by the rod cur-
rents is shown in the upper left-hand part of the figure.
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includes ordinary and hardcore pinches without an
axial magnetic field, as well as linear “Extrap”
devices.

The confinement of a straight plasma column by
a purely transverse magnetic field does not only
represent a first step towards closed toroidal geom-
etry, but also has some merits of its own. Thus, in
a strong magnetic field the end losses due to the
transverse guiding-centre motions become much
smaller than the end losses in simple mirror ma-
chines, at least in certain parameter ranges such as
those of high plasma densities. Since the field lines
do not intersect the end electrodes in a pinch con-
figuration of the present type, the particle and heat
transport to the electrodes also becomes much
smaller than in straight pinches which are stabilized
by an axial magnetic field. In other words, the
reduced axial transport in straight Extrap geometry
and similar schemes allows for axial temperature
gradients and high temperatures within parts of the
plasma column. Also the axial impurity transport
from the electrode surfaces becomes reduced, as
compared to that arising in systems with an axial
magnetic field component. Further, steady con-
finement becomes possible at high beta values, by
feeding strong d.c. currents between the end elec-
trodes.

The linear Z pinch has been subject to an earlier
analysis by Haines [4] in terms of MHD theory of
a plasma with equal ion and electron temperatures.
This paper forms an extension of such an analysis,
with special emphasis to the Extrap scheme.

2. On the Applicability of MHD Theory

The linear Extrap pinch of Fig. 1 is a high-beta
system with vanishing magnetic field strength B at
the axis x =y = 0. When the mean free path is large
compared to the macroscopic dimensions, applica-
tion of MHD theory in terms of localized small
volume elements becomes questionable at least in
three respects:

(i) The Larmor radii of ions and electrons tend
to infinity at the axis.

(i) At high temperatures and at beta values of
order unity, the ion Larmor radius can become com-
parable to the characteristic macroscopic dimen-
sions also within the main and outer parts of the
plasma volume.

B. Lehnert - On the Equilibrium of a Linear Extrap Pinch

(iii) The non-circular plasma cross section leads
to spatial variations along the magnetic field lines,
the integrated (non-localized) effect of which has to
be taken into account in a rigorous theory.

To discuss these questions of applicability more
in detail, some general features of the system first
have to be outlined. Let y denote the flux function
of the magnetic surfaces of the field B in Figure 1.
Using SI-units,

Hod () =277 (y) B(y), (1)
where J () is the total current enclosed by a sur-

face y=const, B= |B|, r(p) is the axial distance
of a point at the same surface, and

Q=§Qds/§ds
for any quantity @ being integrated along a closed
field line with line elements ds. In the case of large
heat conduction along B, the plasma temperature
T = T (y) and the average ion Larmor radius be-
come related by

ay(y) = [2mi kT (y)]V2/e B (y). 2)

The effective characteristic macroscopic length L,
is further defined by

1/Le = 1/ (p) + 1/Lp (), (3)

where Ly (1) represents the characteristic length of
the plasma variations in the direction across the
magnetic surfaces. Combination of (1)—(3) yields
a relative magnitude of the ion Larmor radius

0i = @i/Le = Ci TR F ()| (y);

F=[1+ (F/Ly)1 V2, (4)
where C; = (8 722m; k)1/2/uoe ~6.70 /4, with 4 in-
dicating the mass number and 7'g= T'/f standing
for the plasma temperature at the axis. For plasma
parameter distributions of physical interest we have
fe1,7 < Ly and F ~1 close to the axis, whereas
f and L usually decrease with increasing .

In the case of parabolic and similar distributions,
the factor F deviates only moderately from unity
within the main parts of the plasma volume. Under
such circumstances a crude estimate of the range
of validity of MHD theory is obtained by putting
F~1 and p; <& <1 which yields the condition

J=Je = Ci)Tole. (5)
As an example we put ¢=0.2, say, and obtain a

critical current J.2~20.5 MA for a deuterium-
tritium mixture at thermonuclear temperatures
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T ~108 K. In this case MHD theory can at best
be applied only to the outer layers of a pinched
plasma column which carries a considerable total
current.

Consequently, the previous points (i) and (ii)
could be disregarded only when condition (5) is
satisfied, and point (iii) when there are small de-
viations from a circular plasma cross section. With
these limitations in mind, MHD theory will be used
in the following sections to give a first indication
on the behaviour of the plasma in the present
equilibrium state. The later obtained results from
MHD theory will also be partly supported by par-
ticle orbit theory which is independent of such
limitations.

3. Starting Points of Analysis

A steady state is assumed to be reached and
plasma stability is accepted as a working hypothesis
which is also supported by recent experiments on
Extrap devices at sufficiently strong currents in the
external conductor rods [2, 3].

3.1. General Assumptions

The steady equilibrium of a quasi-neutral pure
plasma of particle density » is treated on the basis
of the following general assumptions:

(i) The axial length L of the plasma column is
much larger then the average radius @ of its cross
section.

(i1) The inertia forces due to a macroscopic flow
of the plasma are neglected. This is usually a good
approximation when the fluid velocity remains much
smaller than the thermal velocity of ions.

(iii) The density = is large enough for the plasma
to become ‘“‘impermeable” to neutral gas. Thus,
narrow partially ionized boundary regions are
created, both in the form of a cold-mantle surround-
ing the cylindrical surface of the plasma column in
the xy plane of Fig.1, and in the form of thin
layers at the electrode surfaces bounding the plas-
ma column in the axial z direction. Only the bal-
ance of the fully ionized part of the plasma body
will be treated more in detail, whereas a short dis-
cussion on plasma-neutral gas interaction is post-
poned to Sects. 3.4 and 5.4.

(iv) The pinch current J is assumed to be strong
enough for MHD analysis to become applicable to
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the main parts of the plasma volume, as specified
in Section 2. Thus, only the weak-field region close
to the pinch axis is excluded from the present
macroscopic analysis. Still a rough picture of the
plasma behaviour in this region becomes available
from orbit theory. Further, the weak-field region
could, in principle, give rise to enhanced axial
losses of particles having velocities nearly directed
along the axis, but these particles are not expected
to be of crucial importance at large axial lengths L.
In any case, the axial losses of these particles are
included in the axial pinch current, as demonstrated
later in Sects. 4.2 and 5.1. Finally, the large ion
Larmor radius in the weak-field region introduces
a kind of scattering and diffusion effect which
tends to “smear out’ the gradients and fluctuations
of the plasma density and temperature near the
axis [2].

(v) The present analysis is restricted to the op-
timum case where there is no substantial enhance-
ment of the transport by anomalous effects. Espe-
cially in high-beta systems, this question has to be
further analysed [5].

(vi) In its numerical applications this paper is
limited to pinch radii of the order of @ ~ 102 m,
currents 3 X 104 <J <3 x 108 A, axial tempera-
tures 3 X 105 < (T, Te0) < 108 K and axial den-
sities 3 X 1021 < mg <1024 m—3.

3.2. Basic Equations

Due to the antiparallel axial drift motions of
ions and electrons in a system of finite axial length,
it is often necessary to distinguish between the ion
and electron temperatures 7'; and 7. We there-
fore adopt macroscopic two-fluid equations of the
simplified form [6—9]

div(nv;) = div(nve) =0, (6)
0=c¢en(E+ v; X B)

— Vpi — e2n?n(vi — ve)

— (3n2ken/2B2)(VTe) X B, (7)
0= —en(E+ ve X B)

— Vpe + €202 (vi — ve)

+ (3n2ken/2B2)(VTe) X B, (8)

$div(pivi) + pidiv vy 9)
= 3e2n2y(k/mi) (Te — T) — div q; + IT;,
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3 div (peve) + pe div ve
= —3e2n2n(k/mi) (Te — T})

—divge + nj2 —II;. (10)

Here v;, ve are the fluid velocities of ions and elec-
trons, E and B the electric and magnetic fields,
pi=nkTi, pe=nkTe, qi, qe the heat flow vec-
tors, and j the current density. Further, with ve;
and »;; as the electron-ion and ion-ion collision fre-
quencies, the resistivity 7 = mevei/e2n has the value
Ny = kn/T3? across B with gk, =129 (In A), and
the ion heat conductivity becomes ¢q; = qi, =~
— A*V,T; across B with

1* =5nk? Ti mi vii/4e2 B2
— kan2 /4 (In A)/B2Y/T;
and kg ~1.5 X 10-42. Finally

Iy = fo ke n® o4 (11)

is the thermonuclear reaction power being shared
by charged constituents where

fa==02, kt=~7.05x10-13

joules for the DT-reaction, gt is the corresponding
reaction rate [10], and

11, = krbnzl/Te + kren B2T, (12)

is the loss due to bremsstrahlung and unabsorbed
cyclotron radiation [11] with

frp >~ 1.7x 10740, ke ~8x10724, Z =1

throughout this paper, and the rest of the symbols
having their conventional meaning.
With m = m; + me, the substitutions
vi =0+ (Mefenm)j, wve=rv — (miJenm)j
and p = pi + pe, €qs. (6)—(10) combine to
div(nv) =0, divj=20
and

jxB=Vp, (13)

nj=E+v XxXB — (1/enm) (m; Vp; — me Vpe)

+ (3nkn/2B2)B xVT., (14)
3div(pv) + pdive
— (3/2em) div [(mipe — mepl)j/n]
— (mj pe — me pi) div (jlenm)
=nj2 — div(qi + qe) + Iy — II;. (15)

B. Lehnert -+ On the Equilibrium of a Linear Extrap Pinch

3.3. The Relative Magnitude of the Heat Conduction
Loss

When anomalous transport can be neglected, heat
conduction is mainly due to the ions. For large
pinch lengths L > a the corresponding heat loss is
mainly directed in the transverse direction of the
plasma column. With subscripts (o) and (p) denoting
the axis and the boundary region of the column,
respectively, an order-of-magnitude estimation
yields a ratio between the total heat conduction
loss and the total ohmic heating power

A = I /ITy ~ k 4 (a@/Lyv)

S (Tb/To)I/Z(nb/’no)g. (16)

Here
IT) = [divq;idV and IT,= [nj2dV
are integrals over the plasma volume V,
ky>~10)/A4, L= T/|VT]|

in the boundary region, the approximation 7'; ~
Te = T has been adopted, and use has been made
of eq. (13) in the present high-beta case. In con-
nection with eq. (16) the following points should be
made:

(i) The condition A <1 for ohmic heating to
cover the heat conduction loss should become satis-
fied for plasma columns having a sufficiently large
radius and magnetic field strength. This allows for
a large pressure difference between the core and the
boundary, such as to make 7, < Ty and np < ng
at values @/Ly of order unity.

(ii) In a general situation the condition A <1
neither becomes necessary nor sufficient for a steady
heat balance to exist. Thus, there are heat sources
in addition to ohmic heating, also including those
from the frictional work of macroscopic fluid mo-
tions [5], and there are heat sinks in addition to
that from heat conduction, also including convec-
tive losses from fluid motions [5].

3.4. Influence of Neutral Gas Interaction on the
Heat Balance

The penetration length of fast neutral particles
[12] becomes Lyt = 1/n et where 1/o¢p>~5x 1018 m2
at plasma temperatures exceeding 7'n =~ 5 x 104 K.
The corresponding impermeability condition
noa@ > 1/0ct is thus seen to be satisfied within the
parameter ranges given by Section 3.1.(vi). In par-



B. Lehnert - On the Equilibrium of a Linear Extrap Pinch

ticular with nnp as the value of the neutral gas
density n, at the boundary of the plasma and with
the coordinate { being perpendicular to the bound-
ary and pointing into the plasma body, the local
distribution of neutrals becomes

Nip = Npp €Xp (— noerl).

The influence of the neutral gas on the heat balance
can then be included by subtracting a term

Iy = nnple@ié + 3&(0in T + genTe)]

= NNy @n (17)

from the right-hand member of (15). Here ¢; stands
for the ionization potential, & for the ionization rate,
and gin, gen for the reaction rates of ions and elec-
trons due to all other impacts with the neutrals
than those leading to ionization. The influence of
IT, can be estimated by comparing it with the
ohmic heating power. For {=a, it is easily seen
that IT,/nj2 <1 in the parameter ranges given in
Section 3.1.(vi). Then, the heat balance in the hot
plasma core should hardly be affected by neutral gas
interaction. On the other hand, such interaction
should have an influence in the end electrode
layers, to which we return later in this paper.

4. Particle and Momentum Balance

4.1. The Field Geometry

In the special case of a plasma column of circular
symmetry in a cylindrical frame (r¢z), the current
density and the transverse magnetic field would
have the general forms j = (j,,0,7,) and B= (0, B,0)
when the plasma cross section is assumed to vary
in thickness in the axial z direction. From the curl
of (13) it is seen, however, that 0B/0z = 0 and
jr=0, i.e. j=1[0,0,7(r)] and the plasma column
therefore has to be uniform in the axial direction.

In the more general case of a non-circular plasma
cross section, the balance equations are also satis-
fied by jz=0, jy=0, B,=0 in the frame (xyz)
of Figure 1. Throughout this paper we thus restrict
ourselves to columns of uniform cross section in the
axial direction. As a consequence, 0j/0z=0 and (13)
yields j-Vp =0 from which

dfez[n(Ts + Te)] = 0. (18)

The present field geometry leads to j- B = 0.
(13) further gives B - Vp = 0. Within the param-
eter ranges of interest in this connection, the as-
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sumption of a constant electric potential along B
should become a valid approximation. Equations
(7) and (8) then yield B - Vp; = 0 and B - Vpe = 0.
If, in addition, the thermal conductivity due to the
electron motion along B is high enough for B-
VTe=~0, we also have

B-Vn>~0 and B-V7T;=~0.

It is finally observed that there are no accelerat-
ing forces of the ion and electron fluid motions
along B. Consequently, B v; = 0 and B - v, = 0.
When using the symbols v;, ve, v, j, and V in the
coming sections, it should therefore be kept in mind
that they refer to the directions being perpendicular
to B only.

4.2. Fluid and Guiding Centre Motions

Equations (7), (8), (13) and (14) combine to
vi =v + (meBlenm B2) X Vp
= E X B|B2 + (Blen B2) Xy pi
— (n/B?) (Vp — §nkVTe),
ve = v — (miBlenm B2) X Vp
= E X B/B2 — (B/en B2) X Vpe
— (n/B?) (Vp — $nkVTe),
v = E X B/B2 4 (BJenm B2)
X (miVp; — me Vpe)
— (n/B?) (Vp — §nkVTe).
We now turn to the case 7T~ Te= T, the con-
ditions of which will be investigated in Section 5.
Introducing subscripts (;) and (;) for the axial and

transverse (‘‘radial’”’) directions of the plasma col-
umn, and observing that

|Vin|> |Van|, |ViT|>|V.T|
when L > a, (21) can be rewritten as
v,~E; X B/B2+ (1/2enB2)B X Vip, (22)
vy = E, X B/ B2
— (nk/2B2n3) Vi (ntT),

(19)

(20)

(21)

(23)

where v = v, + v;. Concerning the components v,
and vy of the centre-of-mass velocity v, the follow-
ing points should be made:

(i) In the axial direction the basic equations (6)
to (15) allow, in principle, for an un-accelerated
axial mass motion v=(0, 0, v;). However, there
are reasons to assume this motion to be negligible,
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because the ions entering the plasma column are
formed from neutral particles of low temperature
in the anode region and are starting there in cycloid-
like orbits at their time of creation. Provided that
there is no excessively large electric field within this
region, it is then justified to assume corresponding
initial value of v, to be small. In addition, div (nv)
=0 yields 0(nv;)/0z=0 and n/0z=0 for v,=
const == 0. In combination with (18) this would lead
to the singular case 0(7'; + T'¢)/0z = 0 which has no
physical interest in this connection. Therefore we
have to put v; = 0. Due to (22) this implies that the
pressure gradient Vip is balanced by an ambipolar
electric field Ey~ — (1/2en)V¢p. Provided that
these conclusions hold also in the presence of im-
purities which are released from the electrodes, the
condition v, = 0 further implies that axial transport
of these impurities into the hotter parts of the
plasma column becomes strongly delayed.

(ii) Inthe transverse direction eq. (23) shows that
there are two contributions to the fluid motion. The
first is an inward directed drift due to the axial
electric field E, which drives the pinch current den-
sity jasindicated in Figure 1. The second is a trans-
verse diffusion velocity due to the combined action
of the pressure gradient Vp and the Nernst term
(3nk/2)VT appearing in the last bracket of (21).
In cases where Vi (n4T) is directed towards the col-
umn axis, it thus counteracts the inward drift mo-
tion due to E,. With subscript (;) defining the out-
ward normal direction of the magnetic surfaces
y = const, (23) can be rewritten as

thZEpN——EZ; EDN_—_‘_-’l?nkT/2BLt, (24)

where Ly = — n4T|Vi(n*T). Restricting ourselves
to positive values of Li oc @ and to a constant
number of particles per unit length of the plasma
column, we have Ep,x oc 1/BT12a3. For varia-
tions in the average pinch radius @, and when BT'1/2
changes more slowly with @ than @3, it is then seen
that Epx increases at a decreasing radius @ and vice
versa. For a constant applied electric field £, (24)
is thus expected to have a “stable” equilibrium at
vy = 0, with respect to variations of @. The outward
diffusion by the pressure and Nernst effects is then
cancelled by the inward drift due to the axial elec-
tric field. The equilibrium »¢ = 0 is independent
of the inclusion of viscous forces in the pressure
tensor. Finally, from (13) and (14) is seen that this
equilibrium becomes consistent with the conven-
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tional Bennett relation between the pinch current
J and the radius @. The following deductions of this
paper are therefore limited to the case vy =0. The
more general situation leading to a non-vanishing
radial motion of the plasma column, and where a
velocity-dependent viscous force is included, needs
further investigation to be reported elsewhere [5].

This section is ended by considering the fluxes of
ions and electrons in the case v =0, as given by the
intermediate members of (19) and (20) which result
in

div (nvi) = (mefem)up - Vp

= — (me/m;) div (nve), (25)

where

up = (2B/B)3) X VB + (1/B2) curl B.  (26)

The quantity up demonstrates the relationship be-
tween fluid and orbit theory. It includes the con-
tributions to the guiding centre drift from the in-
homogeneity of | B| and from the curvature of the
magnetic field lines. The guiding centre drifts do not
only produce a translation of the charged particles
but can also give rise to compression or expansion
of the ion and electron fluids. All these effects are
taken care of in the macroscopic fluid theory and
need not be discussed further in detail. It should
only be observed that the axial losses of particles
in the case v=0 are given by the current density
J only, as expected from simple physical arguments
based on orbit theory and shown by (19), (20) and
(13).

5. Heat Balance
5.1. Basic Equations of a Fully Ionized Linear
Plasma Column

With the result v =0 of Sect. 4.2, (18) can be
used to rewrite the left-hand members of (9) and
(10) yielding

[mekjlem (T + Te)] (27)
5 T 3 T oT; 7 oT.
g i+§ ) + a0
= 3e2n2y(kjm;) (Te — Ti) — Anj2 + 11}
— [mikjlem(T; + Te)] (28)

2 0z
— — 3ezn2q(km;) (Te — T3) + nj2 — Iz,

0T 3 5 0T,
: Tef‘*‘ 'Ti+‘_Te
0z 2
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where j = |j| =jz and A = div g/ ;2. The condi-
tion v; =0 makes the ions move much more slowly
from the anode side into the plasma column than
the electrons are moving in the opposite direction
from the cathode side. This accounts for the factors
me[/m and — m;/m in front of the left-hand members.

In the limiting case T~ T¢ = T of very strong
thermal coupling between ions and electrons, the
sum of (27) and (28) gives the heat balance relation

. oT
— [6(m; — me) kj[/2em] &

=(1—-Nni2+IL—1IIx (29)

which is also obtained from (15) in combination
with (18). A relation of similar form can also be
deduced by means of simple arguments based on
orbit theory and being independent of the restric-
tions imposed on MHD theory.

The boundary conditions of (27)—(29) in the
axial direction are based on the following arguments:

(i) The anode is assumed to be located at z=0
and the cathode at z =23 + L + 2. Near the anode
and cathode, i.e. in the regions 0<z<<z, and
2a + L <z <za+ L + z¢, there are partially ionized
layers of small thickness z, and z; as compared to
the column length L.

(ii) The electrons are created in the cathode
region and leave the cathode layer at a temperature
Tp=>=5x104K.

(iii) When moving in the negative z direction,
the electrons become subject to ohmic heating. Due
to the slow ion motion, and provided that this
heating is stronger than the rate of heat loss, we
expect the electrons to become hotter when moving
away from the cathode in the negative z direction.
The ions are almost static and nearly adopt the
local electron temperature.

(iv) The ions are created in the anode region and
leave the interface z =z, between the anode layer
and the fully ionized plasma at a temperature
Ti(za) >~ Tv. When entering the fully ionized plas-
ma region, they meet the hot counterstreaming
electrons and are rapidly heated to a temperature
being close to that of the electrons. Consequently,
the ion and electron temperatures can differ ap-
preciably only within a narrow anode region of
thickness 2z, which extends from the plane z=0 in
the positive z direction. The highest ion temperature
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is expected to arise near the “interface” z =z, be-
tween this region and the main part of the plasma
column within which usually 7'y~ T . Further mod-
ifications of the temperature distributions near the
electrode surfaces arise from neutral gas interaction,
as discussed later in Section 5.4.

5.2. A Simplified Model for the Axial Heat Balance

With v =0 and j in the axial direction, div q;
= A7 2 represents the only transverse heat loss by
conduction and convection appearing in (27)—(29).
This loss is covered by the fraction 4 of the Ohmic
heating power. The remaining fraction 1 — 4 of 732
and the thermonuclear power I7; then balance the
radiation losses /7, and the axial heat losses due to
electrons and ions which drift to the electrodes.
Since v, =0, the latter losses are determined by the
current density j.

To obtain first-order numerical indications on the
axial heat balance and the corresponding axial tem-
perature distributions, a simple model is now adopt-
ed in which A is treated as a constant. Here the
hottest inner regions of the plasma near the axis
are of particular interest, i.e. where MHD theory
becomes inapplicable according to Section 2. How-
ever, on account of the large Larmor radii in these
regions, we expect the radial temperature and den-
sity profiles to become flattened near the axis. Ap-
plication of (27)—(29) at the outer edge of these
“non-MHD” regions is therefore justified for tem-
peratures and densities not being too far from those
prevailing at the axis. In this simplified model we
finally introduce j=J/ma? and the average beta
value

B =8kno(Tio + Teo)/po(@j)?

which is close to unity in the present high-beta
scheme.

(30)

5.3. Limating Case of Equal Ion and Electron
Temperatures

In a high-beta plasma where ohmic heating is a
major heat source, the deviation

0=|Te— Ti|/(Te + Th)
from temperature equipartition can be estimated

from (9) and (10). At equilibrium the average value
of the heat transfer rate

IIie = 3e2n2q(kjm;) | Te — Ti|
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between ions and electrons cannot exceed that of
the heat production rate I7,=7j2. In terms of an
order-of-magnitude estimate, and in combination
with (13), this implies that I71ie/I1; ~ 6 (@/a;)2 < 1.
For an efficiently contained plasma the average ion
Larmor radius @; should further satisfy the condi-
tion (@;/@)2 < 1 within the main parts of the plasma
body. Consequently, we expect d < 1, at least within
these parts, i.e. where MHD theory can be applied
according to Section 2. The limiting case Tj~T,
therefore appears to be a good approximation. A
detailed numerical example on the axial ion and
electron temperature distributions is later presented
in Section 6.1.

In an ohmically heated plasma with negligible
thermonuclear power production and small radia-
tion losses, integration of (29) in the case T'j >~
Te~ T now yields the distribution (compare also
Haines [4])

T(z) = [T32+ (1 — ) TY2(1 — 2/ L)]2/5 (31)
near the axis where

Ty = [ekymLj[/(mi — me) k)2/5. (32)
With Ty, € Ty a maximum temperature 7' (z = 2,) o~
Ty(1 — 2)?5 is then obtained.
For a plasma heated by thermonuclear reactions,
(29) is integrated to
7 885
5k(mi — me) 73241

2ek,,m l—l—i-ct(gt/l/T)—Cr '
Ty

L-j

[l

Here the coefficients are given by

oy = po® B2 T2 fo ky/256 72 k2 Ky

= foky Cr/krn (34)

with 8 being treated as a constant in a first approxi-
mation. In eq. (33) cyclotron radiation has been
neglected for three reasons. First, it becomes com-
parable to the bremsstrahlung loss only at the high-
est temperature within the ranges specified in Sec-
tion 3.1.(vi). Second, the magnetic field becomes
relatively weak within the hot parts of the plasma
near the axis. Third, cyclotron radiation can be
reflected by surrounding metal walls and reabsorbed
in the plasma. Relation (33) between L -j and 7
expresses the balance between the net heat produc-
tion and the end losses from the plasma column.
The Pease limit [13] results from Cr=1, f=1.
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5.4. The Partially Ionized Electrode Layers

The contributions from /7; and /7, are neglected
in the electrode layers. In analogy with (29) we
use the results of Sect. 3.4 to estimate the influence
of neutral gas and write

0T |0z = [2em[5(mi — me) k7] (35)
“[n7na @nexp(—noerz) — (1 — 1) 72

for the anode region. Within the present parameter
ranges it can be seen that /7, becomes larger than
772 only at small distances from the plane z=0.
This implies that 7' increases here when moving
away from the anode. The conditions are analogous
in the cathode layer.

The presence of neutral gas in the electrode layers
therefore keeps the plasma temperature low in the
regions close to the electrode surfaces. In this con-
nection it should be investigated whether the
plasma-electrode interaction can be reduced by
terminating the straight pinch configuration by
“end vessels” containing the electrodes, and where
at least the partially ionized plasma can have a
larger geometrical cross section than that of the
fully ionized column.

6. Numerical Examples

6.1. Unequal Ion and Electron Temperatures

There are, in principle, two mechanisms which
give rise to a difference between the ion and elec-
tron temperatures in the present system. The first
is due to an unbalance between the local heat
sources and sinks. The second mechanism originates
from the convective axial motion of the charged
particles in presence of axial temperature gradients.
This produces large temperature gradients close to
the anode, as described earlier in Section 5.1.(iv).

The behaviour of an ohmically heated plasma in
which 7; and I7; are neglected can be demonstrated
by numerical integration of (27) and (28), with the
approximation of constant f being introduced. An
example is chosen with 4 =1, j = 2 x 108 A/m2,
a=10"2m, =05, 1=0.12, Ti(z3) =5 X 10¢ K,
Te(za) =108 K, Te(za + L) =5x 104K, and
2a € L. The corresponding length L can then be
computed from (27) and (28). Here the plasma col-
umn is divided into two regions:

(i) Within the region close to the anode, the
boundary conditions at z =z, and the finite value
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1
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Fig. 2. Formal solution of the axial temperature profiles of
ions and electrons near the pinch axis, in a region being
close to the anode and with 4 =1, j = 2 X 108 A/m2,
ad=102m, f#=0.5, 1 =0.12.

of the ion current result in a large difference be-
tween the ion and electron temperatures, as shown
by Figure 2. The large corresponding temperature
gradients in this region lead to a rapid decrease of
(Te — T,)/(Te + T;) down to a few percent, already
at axial distances exceeding some 10-4 m. This be-
haviour should only be considered as a formal solu-
tion of (27) and (28) which becomes modified in
several ways near the anode. Thus, the finite Larmor
radii tend to broaden this region and reduce its
temperature gradients. Further, the presence of
neutral gas at the anode reduces both the ion and
electron temperatures and affects their gradients as
outlined later in Section 6.3.

(ii) At distances from the anode exceeding some
10-3 m, the solution of (27) and (28) becomes as

T,. Te (10°K)

10
\Te(z,) = 105K
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demonstrated by Fig. 3 where the axial length L=
0.129 m corresponds to the adopted boundary val-
ues of 7'; and Te. This solution deviates by less
than 4 percent from the result obtained from ex-
pressions (31) and (32) which yield

Ti>~Te~0.74 X 106 K

close to the anode, i.e. at z=2z,.

With the exception of the region close to the
anode, the example of Figs.2 and 3 thus shows
that the temperature deviation

0= (Te—T)/(Te + Th)

becomes small, as expected from the discussion of
Section 5.3.

6.2. Equal Ion and Electron Temperatures

In the limit of equal ion and electron tempera-
tures represented by (31)— (34), the following results
are obtained :

(i) The case of pure ohmic heating is demonstrat-
ed by the characteristic temperature 7', as given by
Figure 4. It is expected from the figure and from
(31) that comparatively high temperatures can be
reached within a considerable fraction of the plasma
column length, even in devices of modest scale.

(if) The case of a subsidiary heating by thermo-
nuclear reactions is demonstrated by Fig. 5 where
J=28x106A, ¢d=102m, =05 1=0.19,
and a mean value 4 = 2.5 has been introduced
for a deuterium-tritium mixture. Due to the discus-
sion of Sect. 5.3, the temperature deviation ¢ is ex-
pected to become small for a contained plasma, at

Fig. 3. Same data as in Fig. 2 but showing the
axial temperature profiles along the entire plas-

L

z-z,(m) ma column.
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Fig. 4. The characteristic temperature 7', of ohmic heating
given by eq. (32) as a function of the product L - j between
the column length L and the current density j.

§ L(m)

1 i focpand L

0 2 3 s 108 2

T —

3 T(za) (K)

Fig. 5. The maximum temperature 7'(z,) as a function of
the effective length L of a plasma column with J = 2.5
X 108A, B =0.5, 1 =0.19, 4 =25, and @ = 102 m.
Full curve represents the balance which would result in
presence of alpha particle heating and broken line the case
in absence of such heating. The Pease limit is somewhat
exceeded here, due to the fact that § < 1.
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least as long as ohmic heating provides a substantial
fraction of the total heating power. In Fig. 5 thermo-
nuclear reactions become important at temperatures
T above some 2 X 107 K. To reach this tempera-
ture, the plasma column should have a length of
about 30 m, with a steady-state potential drop of
about 3 kV between the electrodes. The alpha par-
ticle power would then become about 100 MW /m.
These data predict that conditions near ignition
could become realizable when the plasma remains
stable during the pulse time and the electrode re-
gions do not introduce impurities which lower the
plasma temperature substantially. The current den-
sity in such an experiment becomes appreciable,
i.e. j=~8 X 109 A/m2, and it would have to be im-
posed at ion densities of the order of n = 1024 m-3.
Finally, with the present data, the Larmor radius
of 3.5 MeV alpha particles at the plasma boundary
becomes somewhat smaller than @. Thus, a substan-
tial fraction of these particles should be contained
and thermalized within the plasma. The axial alpha
particle drift needs further analysis.

6.3. Temperature Gradient in the Electrode Layers

The heat balance conditions in the partially ioniz-
ed anode layer are roughly given by (35). From an
earlier analysis of the plasma-neutral gas balance
in a wall layer [14], the ratio between the ion and
neutral particle densities near a wall surface is found
to be of the order of (7'4/7';)1/2, at a local neutral
gas temperature 7'p. Further, the deduced layer
thickness becomes quite small, i.e. of the order of
dw = (kT1/2wmi)12né.

We shall not enter into a detailed discussion of
the complicated balance in the anode layer, but
only illustrate (34) by an example with 4 =1,

7=2%x108A/m2, T ~5x10¢K,

&~ Emax 2 10714 m3/s s
and 7 =~ fpa =~ 1023 m=3, Then

AT oz = 1010[exp (— 2 x 10%2)
 —8x10-3]K/m.

Lower values of T are likely to occur close to the
anode surface, leading to a smaller effective cross-
section g¢r and a larger penetration length of the
neutral gas, with a corresponding effect on 0T'/¢z.
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In any case, these data indicate that there can exist
a narrow partially ionized region near the anode
surface within which a steep increase in the ion
and electron temperatures takes place in the posi-
tive z direction.

7. Conclusions

Provided that a stable state of a clean plasma
can be reached during a sufficiently long time, the
following conclusions can be drawn about the poten-
tialities of the present linear confinement scheme:

(i) In a purely transverse field there is a reduced
transport of particles and heat to the ends of linear
configurations, thus allowing for axial temperature
gradients. These configurations provide an alterna-
tive to open bottles such as mirror devices.

(ii) The present scheme has larger losses than
several types of closed toroidal schemes, but it
should still become important to fusion research.
As compared to toroidal schemes it has the ad-
vantages of easily realizable steady operation at
high power inputs and beta values, of a geometry
without toroidal curvature effects, and of technical
simplicity.

(iii) There exist equilibrium states with vanish-
ing axial and radial mass motion. In absence of
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axial motion the transport of impurities from the
end electrodes into the plasma becomes delayed.

(iv) High plasma temperatures are available by
means of ohmic heating at moderately large column
lengths. Conditions near thermonuclear ignition even

appear to become possible at realistic parameter
values. Whether reactor schemes can be based on
the linear configurations is an open question, partly
due to the problems of stability, the large wall load
in the present parameter ranges, of plasma-wall
interaction at the end electrodes, alpha particle
containment and auxiliary heating.

(v) The problems of anomalous transport in these
high-beta systems require further investigation, as
well as the influence of impurity radiation. A more
detailed analysis on plasma-neutral gas interaction
is also needed.
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